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We present a rigorous full wave approach to the omnidirectional photonic hole �PH�, an optical system
inspired by celestial phenomena and characterized by a radially graded refractive index n�r��1 /r�/2. It is
analytically demonstrated that light capture is effective for ���c=2. Our analyses are corroborated by precise
numerical simulations of steady-state and time-evolution behaviors. The simulations indicate that the optical
energy entering the PH system can be kept in captivity for a time duration td scaling as td�1 / ��c−�� when �
approaches �c. A crucial difference in the time evolution of fields is shown between the cases with � close to
and equal to �c.

DOI: 10.1103/PhysRevB.82.054204 PACS number�s�: 42.25.�p, 41.20.Jb

Nature has been a source of inspiration to many scientific
and technological advances. For a long time, the nature-
inspired designs of optical systems are predominantly based
on mimicking structures appearing in the diversity of the
biological world, leading to a thriving area of biomimetic or
bioinspired photonics.1–4 Typical examples in this area in-
clude, among others, the study of structural color5–7 and ar-
tificial compound eyes.8

In addition to imitating terrestially occurring structures,
the design of novel optical components is recently inspired
by mimicking celestial phenomena. Interesting examples are
optical attractors and photon traps that mimic celestial
mechanics.9–11 These optical analogs of celestial phenomena
may find niche applications in light control, optoelectronics,
and solar-energy harvesting. Their fabrications are enabled
by the advances of nanofabrication techniques and transfor-
mation optics.12,13 The former offers a wide range of possi-
bilities to locally tailor the electromagnetic �EM�
response14–16 while the latter allows the transmutation of di-
electric singularities into a manageable topological
defect.17,18

One intriguing astroinspired optical device is motivated
by the black hole, a fascinating celestial phenomenon. It is
characterized essentially by a radially graded refractive index
n�r��1 /r�/2.10,11,19 In contrast to the bioinspired photonics
that directly solves Maxwell’s equations, the astroinspired
optical design starts with the study of ray trajectories. In the
ray tracing limit, it is shown for integer power index �PI� �
that ��2 constitutes the condition for the ray trajectories to
fall into the core of the system, resulting in an optical attrac-
tor �OA� or “photonic black hole,”10,11,19 in the sense that all
light satisfying certain criterions will be held in captivity
inside the system. However, the critical PI �c for light trap-
ping has not yet been identified under arbitrary wavelength
conditions, and interesting phenomena occurring when �
comes �close� to �c remain unexplored.

In this paper, we present the first rigorous full wave analy-
sis in the astroinspired photonics9–11 for the photonic hole
�PH� system. Starting with an arbitrary real �, the critical PI
�c=2 for the capture of light is derived analytically based on

wave optics as well as ray optics. At �=�c, a criterion is
established for light trapping. The analytical analyses are
corroborated, and also, intriguing phenomena when � ap-
proaches and reaches �c are explored, by precise numerical
simulations in both the frequency domain �FD� and the time
domain �TD�.

Consider a nonmagnetic system with a radially graded
refractive index19

n�r� = �� rs

r
��/2

, r � rs,

1, r � rs,
� �1�

where rs denotes the radius of the PH system. The ray tra-
jectory is then governed by20

dr

d�
= −

r

q
�n2r2 − q2, �2�

where �r ,�� are polar coordinates and q=rs sin �s�rs de-
notes the distance between the incident ray �before entering
the PH� and the center of the PH system. Equations �1� and
�2� yield the ray trajectories inside the PH

r = �rs	 sin �s

sin�� −
�

2
� +

�

2
�s�


�

,
� � 2,

rse
−��−�s�cot �s, � = 2

� �3�

with �=2 / �2−��. For ��2, an incident ray with q�0 can
never reach the center of the system.17 Instead, it escapes
after arriving at the closest point rmin=rs sin� �s away from
the center. For ��2, on the other hand, it follows from Eq.
�3� that the rays spiral into the PH center. So �c=2 is iden-
tified as the critical PI for light trapping in the limit of ray
optics.

We next concentrate on the rigorous full wave analysis.
We illustrate the approach in two dimensions �2D� for the
transverse magnetic �TM� modes with the electric �E� field
parallel to the axis of the cylindrical PH. Generalization to
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other polarization modes and three dimensions is straightfor-
ward. The n�r� profile in Eq. �1� allows an analytical solu-
tion, suggesting that the E field for r�rs

Eint =�
�
m

�bmJ	�
� + cmH	
+�
�eim�, � � 2,

�
m

�bmr� + cmr−�eim�, � = 2,

�
m

�bmH	
+�
� + cmH	

−�
�eim�, � � 2,
� �4�

where bm and cm are constant coefficients, J	�
� and
H	

+�
��H	
−�
� are the Bessel function and Hankel function of

the first �second� kind, respectively, and

� = ��m2 − xs
2, �m� � xs,

− i�xs
2 − m2, �m� � xs,

�
	 = � 2m

2 − �
�, 
 =

2k0r

�2 − �� � rs

r
��/2

�5�

with xs=k0rs and k0 being the wave number in the outside
medium. The time dependence of e−i�t is omitted for brevity.
Any incident wave can be expanded in terms of partial waves
�PWs� Jm�k0r�eim� of different angular momentum indices m
as

Einc = �
m

pmJm�k0r�eim� �6�

with pm the PW expansion coefficients.
Define

P = − �
0

2

�S� · errcd�, U = �
rc

rs �
0

2

�u�rd�dr , �7�

where �S� and �u� are the time-averaged Poynting vector and
energy density, respectively, er denotes the radial unit vector,
and rc is a tiny quantity. To establish a physical steady state
in the FD, �u� must be integrable, implying a vanishing P
and a finite U in the limit of rc→0.21 The PH effect mani-
fests itself if and only if no integrable steady-state solution
�ISS� can be reached in the FD. With Eq. �4�, P and the
dominant part of U as rc→0 read

P =
�2 − ��

k0
�
m

��cm�2 + Re�bmcm
� � ,

U � �c0�2ln rc + �
m�0

�cm�2rc
−2�m� �8�

for ��2,

P = �−
2

k0
�
m

� Im�bmcm
� � , if �m� � xs,



k0
�
m

�����bm�2 − �cm�2� , if �m� � xs,�

U � ��
m

�−1m2�cm�2rc
−�, if �m� � xs,

�
m

��cm�2 + �bm�2�ln rc, if �m� � xs
� �9�

for �=2, and

P =
�� − 2�

k0
�
m

��bm�2 − �cm�2 ,

U � �
m

��bm�2 + �cm�2�rc
−��−2�/2 �10�

for ��2. Equation �8� implies that an ISS in the FD can be
achieved for ��2 provided that cm=0, consistent with the
Mie theory for a homogeneous scatter, where cm=0 is im-
posed ad hoc to avoid field divergence at r=0. For �=2, one
must distinguish between incident PWs with �m��xs and
�m��xs. For the PWs with �m��xs, an ISS can still be
reached with cm=0 while for those with �m��xs, Eq. �9�
suggests that �u� is no longer integrable, indicating that PWs
with an angular momentum small enough will be attracted to
the PH center, resulting in a logarithmic singularity in the
EM energy. It is therefore concluded that the critical PI is
�c=2 from the full-wave analysis. In addition, cm must van-
ish to ensure inward energy flux �P�0�, as required by cau-
sality. Finally, for ��2, Eq. �10� reveals that no ISS exists,
and cm=0 should be imposed again by causality P�0. We
have solved the problem for a system where n�r� is given by
Eq. �1� except that a tiny core with n=nc for r�rc is intro-
duced. Our solution justifies the argument cm=0 in the limit
of rc→0, irrespective of the value of �.22

To corroborate the analyses above, we have performed
precise full wave numerical simulations for various values of
� based on the generalized Mie theory �see Appendix A�.
Typical results are shown in Fig. 1 for a Gaussian beam
incident on the PH systems with �=1.99, 1.999, 2, and 2.5.
For ��2, the beam first spirals toward the central region,
then escapes out of the PH, resulting in an outward winding

FIG. 1. �Color online� Magnetic field intensity patterns of a
Gaussian beam incident on the PH systems of rs=60� and ��a� and
�b� �=1.99, ��c� and �d� 1.999, ��e� and �f� 2, and ��g� and �h�
2.5. The white circles outline the boundary of the system. The beam
has a waist radius w0=4� and is focused at �0,48�� and �0,0� for
upper and lower panels, respectively. Here � is the wavelength of
the beam in the outer medium. For ��2, the field pattern is not a
physical ISS �unless a tiny absorption is introduced�, it is a demon-
stration of the PH effect.
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field pattern, as shown in Figs. 1�a� and 1�c�. From Figs. 1�b�
and 1�d�, the incident beam is seen to spread out even when
it is focused on the PH center. This, arising from the wave
nature of light, is in contrast to the ray optics analysis that
assumes vanishing ray widths �see Eq. �3� for ray trajecto-
ries. As � increases from 1.999 to 2, the field pattern under-
goes a radical change, strongly reminiscent of a phase tran-
sition in statistical physics. The beam exhibits a spiral
trajectory toward the core, as displayed in Figs. 1�e�–1�g�.
Consequently, the full-wave simulations confirm �c=2. Be-
sides, as � increases further, the beam becomes less spiral, as
illustrated by a comparison between Figs. 1�e� and 1�g�. It is
emphasized that no commercially available software that em-
ploys a finite-sized grid can reproduce the transitionlike field
patterns as � tends to �c.

The “critical point” �c exhibits unique phenomena that
deserve more attention. Based on Eq. �9�, a PH effect mani-
fests itself only for PWs with �m��xs. This is typically ex-
hibited in Fig. 2. For an incident beam focused at the PH
center, the distribution of the PWs is centered around m=0
and the beam is trapped. As the axis of the incident beam
moves away from the PH center, the distribution of PWs
shifts away from m=0. If the beam axis is not far away from
the PH center, it still falls into the PH core since all its PWs
with significant amplitudes lie within �m��xs, as illustrated
in Figs. 2�a�–2�c�. When the beam axis moves further away
from the PH center, a fraction of its PWs goes outside �m�
�xs, then only part of the beam spirals toward the center,
whereas the rest escapes, leading to a split of beam. This is
shown in Fig. 2�d�, a case corresponding to the green solid
curve located almost symmetrically around the vertical line
in Fig. 2�a�. For a beam with all its PWs of significant am-
plitudes falling beyond �m��xs, the system has no visually
observable effect on it, as displayed in Fig. 2�e�, a case cor-
responding to the blue solid curve on the left hand side of the
vertical line in Fig. 2�a�.

For systems like this, where the ISS may not exist, it is
very important to study the transient processes. We exem-
plify the study by simulating the time-evolution behavior of
an optical pulse excited by a line source 1.5rs away from the
PH of rs=60�, as schematically plotted in Fig. 3. The pulse
has a Gaussian temporal profile

Einc�r,t� = �
−�

+�

A���H0
+�k0�r − r0��e−i�td� , �11�

where A���=� / �2��e−�2�� − �0�2/4 and �0=2c /� with c be-
ing the speed of light in vacuum. Figures 3 and 4 exhibit the
typical results with spectral width 2 /�=�0 /20 and various
values of �. The normalized EM energy Uin

e inside the PH is
displayed versus time in Fig. 3�a�, which shows that, for �
�2, Uin

e decays to zero after reaching its maximum. This
implies that the energy entering the system will completely
escape eventually, although a system with a larger � will
hold the energy inside for a longer time. While for �=2, the
energy going into the system is trapped, at least within the
time limit of our simulations, as shown by the red solid line

FIG. 2. �Color online� �a� �pm� versus angular-momentum index
m for a Gaussian beam with waist radius w0=4� and focused at �0,
0�, �0, �48��, �0, �60��, and �0, �72��. Two vertical solid lines
mark the position of �xs. The corresponding magnetic field inten-
sity patterns are shown in �b�, �c�, �d�, and �e� for beam focused at
�0, 0�, �0,48��, �0,60��, and �0,72��, respectively. The system has
rs=60� and �=�c.

FIG. 3. �Color online� �a�–�c� The normalized EM energy versus
time. Uin

e , Uin
i , and Uout are, respectively, the normalized EM energy

inside the PH, that inside the core of the PH, and that radiated into
infinity. They are evaluated by integrating the Poynting vector at
enclosures marked by the green, red, and blue circles shown sche-
matically in the upper-right corner. Both Uin

i �t� and Uin
e �t� are nor-

malized to max�Uin
e �t�� for �=0 while Uout�t� is normalized to

lim
t→�

Uout�t� for �=0. With the increase of �, the corresponding lines

in �a�-�c� appear from left hand side to right hand side in sequence,
while for �=25, it is a stairlike solid line. The logarithmic of the
time duration td for the pulse energy being kept inside the system is
plotted versus −ln�2−�� in �d�. The logarithmic of the maximal

energy Ūin
i accumulated in the core of radius rc=0.05� is plotted

versus � in �e�. The green straight lines in �d� and �e�, serving as
guides to eyes, have slopes 1 and 4, respectively. Uin

e for a rod with
�=n2=25 has a stair-case like decay behavior because of the sharp
discontinuity in wave impedance.

FIG. 4. �Color online� Magnetic field intensity patterns at some
typical time stages when the PH is illuminated with a pulse excited
by a line source. The upper row and the lower row correspond to
the cases with �=1.9 and �=2, respectively. The white arrows
denote the directions of rotation for two light branches.
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in Fig. 3�a�. To describe how long the pulse energy stays in
the system, we define ts��� as the time at which Uin

e decays to
vanishing. Then td= ts���− ts�0� characterizes the time dura-
tion for the energy being kept in captivity. In Fig. 3�d�, we
plot ln td versus −ln�2−��. The linear relation shown for �
close to 2 indicates a scaling law td�1 / �2−�� and confirms
�c=2.

The scaling behavior td�1 / ��c−�� can also be worked
out based on ray optics. From the ray trajectory Eq. �3�, it
follows that for ��2, a ray at a distance q=rs sin �s�rs
away from the PH center will spiral toward the central region
of the PH, until it reaches the closest point at �r ,��
= �rmin,�min� with rmin=rs sin� �s and �min= �−��� / �2−��,
then it escapes out of the PH by a symmetric trajectory. As a
result, the light energy will be kept in captivity for a duration
of td given by

td = 2�
�s

�min ��dr/d��2 + r2

c/n�r�
d� . �12�

Using Eqs. �1�–�3�, one obtains the scaling law

td =
rs

c

4 cos �s

2 − �
�

1

�c − �
, for �s � 0. �13�

In Fig. 3�b�, we plot the normalized EM energy Uin
i inside a

tiny core of radius rc=0.05� versus time. A comparison be-
tween Figs. 3�a� and 3�b� indicates that the light energy en-
ters the core region before escaping out of the system, in
agreement with the FD demonstration in Fig. 1. In addition,

as � increases, the maximum energy Ūin
i accumulated in the

core increases. In Fig. 3�e� we display ln Ūin
i versus �. The

linear relation implies Ūin
i �e4��−2�. For �=2, both Uin

e and
Uin

i tend to unity, suggesting that all energy entering the sys-
tem is finally converged to the core. The normalized energy
radiated into infinity Uout versus time is presented in Fig.
3�c�. For ��2, Uout tends to 1, indicating that all the pulse
energy will be radiated to infinity eventually. While for �
=2, Uout�1, confirming that part of the pulse energy is
trapped in the PH.

The time evolution of fields is rather intriguing, especially
when � is close to �c. Figure 4 shows a series of field pat-
terns at some typical stages of time for �=1.9 and �=�c
=2. The pulse excited by a line source is seen to enter the PH
and turn into two branches with no significant difference
between �=1.9 and �=2 at earlier time, as shown in Figs.
4�a�–4�d�. In the subsequent period, the two light branches
rotate in opposite directions due to nonvanishing angular-
momentum components, as shown in Figs. 4�e�–4�j�. For �
=1.9, the energy keeps leaking out of the system as the light
wings spin around the center. While for �=2, no visually
observable leakage occurs as the two wings of light converge
spirally toward the center. Eventually, for �=1.9, all light
energy escapes from the system, even for those once arrived
close to the system center whereas for �=2, all light energy
spirals toward center, as illustrated in Figs. 4�k� and 4�l� �see
also Figs. 3�a� and 3�b�.

In summary, we have developed a rigorous full wave ap-
proach to the PH, a typical optical system in the astroinspired

photonics. The light capture for ���c=2 is demonstrated
analytically and corroborated by precise numerical simula-
tions in both the FD and the TD. For �=�c, a criterion is
established that the light trapping is effective for incident
PWs satisfying �m��xs for TM modes. The TD simulations
indicate that the optical energy entering the PH system is
kept inside for a time duration td scaling as td�1 / ��c−��
when � approaches �c. The maximum EM energy that can

be accumulated in core region of the system obeys Ūin
i

�e4��−�c�, though this energy will eventually escape for �
��c. Finally, our simulations show a crucial difference in
the time evolution of fields between � close to and equal to
�c.

Finally, it is noted that the basic physics discussed here
applies to other waves. More discussion on the practical ap-
plications and possible experimental realization of the PH
and its analogs in acoustic and linear liquid surface waves
can be found in the Appendices B and C.
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CPSF �Grant No. 200902211�. Work at HK is supported by
HKRGC through GRF under Grant No. 600209.

APPENDIX A: GENERALIZED MIE THEORY FOR
CYLINDRICAL PHOTONIC HOLE

In this appendix, we give mathematical formulations of
the generalized Mie theory for the cylindrical photonic hole
�PH� system with the refractive index n given by Eq. �1�,
recapitulated below for convenience

n�r� = �� rs

r
��/2

, r � rs,

1, r � rs.
� �A1�

The electric field inside the PH for the TM modes �with the
electric field along z direction� is given by

Eint =�
�

m=−�

+�

bmJ	�
�eim�, � � 2,

�
m=−�

+�

bmr�eim�, � = 2,

�
m=−�

+�

bmH	
+�
�eim�, � � 2,

� �A2�

where �r ,�� denote 2D polar coordinates, bm are constant
coefficients whereas cm in Eq. �4� have been set to zero based
on the arguments given in the text. J	�
� and H	

+�
� are the
Bessel function and the Hankel function of the first kind,
respectively, and

� = ��m2 − xs
2, �m� � xs,

− i�xs
2 − m2, �m� � xs,

�
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	 = � 2m

2 − �
�, 
 =

2k0r

�2 − �� � rs

r
��/2

�A3�

with xs=k0rs. The incident and scattered fields read, respec-
tively,

Einc = �
m=−�

+�

pmJm�k0r�eim� �A4�

and

Es = − �
m=−�

+�

amH+�k0r�eim�. �A5�

Matching the boundary conditions at r=rs yields the Mie
scattering coefficients

am

pm
=�

J	�
s�Jm� �xs� − Jm�xs�J	��
s�
J	�
s�Hm� �xs� − Hm

+ �xs�J	��
s�
, � � 2,

xsJm� �xs� − �Jm�xs�
xsHm

+��xs� − �Hm
+ �xs�

, � = 2,

H	
+�
s�Jm� �xs� + Jm�xs�H	

+��
s�
H	

+�
s�Hm� �xs� + Hm
+ �xs�H	

+��
s�
, � � 2,

�
�A6�

bm

pm
=�

2i/�xs�
J	�
s�Hm� �xs� − Hm

+ �xs�J	��
s�
, � � 2,

2i/
rs

��xsHm
+��xs� − �Hm

+ �xs�
, � = 2,

2i/�xs�
H	

+�
s�Hm� �xs� + Hm
+ �xs�H	

+��
s�
, � � 2,

�
�A7�

where the primes denote the derivative with respect to argu-
ment and 
s=2xs / �2−��. With the use of H=��E / �i��0�,
the magnetic field inside the PH system can be worked out as
Hint=Z�Hrer+H�e��, where er and e� are unit vectors in ra-
dial and polar directions, respectively, Z is the wave imped-
ance of the outside medium,

Hr =�
�

m=−�

+�

bm
m

k0r
J	�
�eim�, � � 2,

�
m=−�

+�

bm
m

k0r
r�eim�, � = 2,

�
m=−�

+�

bm
m

k0r
H	

+�
�eim�, � � 2
� �A8�

and

H� =�
�

m=−�

+�

ibm� rs

r
��/2

J	��
�eim�, � � 2,

�
m=−�

+�

ibm
�

k0r
r�eim�, � = 2,

�
m=−�

+�

ibm� rs

r
��/2

H	
+��
�eim�, � � 2.

� �A9�

In practical numerical calculation, the summation over m is
cutoff at mc=400, which guarantees the convergence of all
our results in the frequency domain.

Our simulation on the transient processes starts with the
rigorous full wave solution in the frequency domain. The
data in frequency domain are then transformed to the time
domain by the fast Fourier transform.23 As � approaches
�c=2, one needs an increasing number Nf of frequency
points to guarantee the time-domain resolution and conver-
gence. For example, while �=1 requires Nf =2048 frequency
points, �=1.999 takes Nf =61440 frequency points to
achieve reliable time-domain resolution.

APPENDIX B: AN EXAMPLE OF APPLICATION

The photonic hole system can serve as an omnidirectional
photonic trap, enabling the confinement of light incident
from arbitrary direction for a duration td scaling like
1 / ��c−�� �for ���c�, as has been discussed in the text. In
this appendix, we illustrate one more example for the prac-
tical application of the PH system. Figure 5 shows the mag-
netic field intensity patterns when the PH is illuminated by a
line source located 400� away. It can be seen that for �=0,
the signal near the origin �x ,y�= �0,0� may be too weak for a
sensor to detect, as shown in Fig. 5�a�. If we introduce a PH
system, the magnetic field near the origin will be signifi-
cantly enhanced, due to the light concentrating characteris-
tics of the PH system, as exhibited in Figs. 5�b�–5�f�. As a
result, by placing the sensor near the PH center, the signal
detection will be greatly facilitated. It is noted that the field
enhancement near the PH center does not require ��2. The
case with �=1.5 will be good enough, as displayed in Fig.
5�c�, where the magnetic field intensity �for steady state� near
the origin is enhanced by a factor of 50. For time dynamical
case, we show in Fig. 6 P, U, and P1 versus time when a
pulse is excited by a line source 400� away from the PH
system. Here P, U, and P1 are defined by

P�t� = − �
0

2

S · errcd�, U�t� =� P�t�dt �B1�

and

P1�t� = − �
0

2

S · errc�d� �B2�

with er denoting the radial unit vector and S the time-
dependent Poynting vector. The pulse has a Gaussian tempo-
ral profile given by Eq. �11� in the text and a spectral width
�0 /20. By comparing P or U versus time for ��1 with that
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for �=0, it is clearly seen that the sensitivity will be signifi-
cantly enhanced if the sensor is enclosed by a PH system. In
addition, due to the feature of omnidirectionality of the PH
system, the ratio P1 / P determines the direction from which
the signal comes. As a result, with two sensors, each en-
closed by a PH system, the location of the signal source can
be detected, as schematically plotted in Fig. 6�d�.

APPENDIX C: POSSIBLE MEANS OF EXPERIMENTAL
REALIZATION AND ANALOGS IN OTHER WAVES

The radially graded refractive index for the PH system
may be implemented by using EM metamaterials,11 as the
EM invisibility cloaks.24 The main difficulty may lie in the
dielectric singularity. This difficulty actually arises also in
invisibility cloaks, where the difficulty of dielectric singular-
ity is further aggravated by the extreme anisotropy. As EM
cloaks of various forms have been demonstrated from micro-
wave to near optical frequencies, we may expect a good
possibility for the PH system to be realized. To be more
specific, there are at least two possible ways to circumvent

the difficulty of dielectric singularity, both inherited from the
EM cloaks. One possible way is to “transmute” away the
dielectric singularities into a mere topological defect using
the technique of transformation optics.17 This approach
works for ��2. We note that based on the idea of “transmu-
tation,” an omnidirectional retroreflector, which originally
requires material parameter with polynomial type of singu-
larity, has been successfully fabricated in experiment.18 The
other way is to implement the design using a “reduced set of
parameters,” which means an approximate set of parameters
in the field of transformation optics. This is the way by
which the invisibility cloak was first realized.24 Appropriate
truncation near the center of the photonic hole system may
be one of the simplest ways of “reduction.” We note that a
“reduced version” of photonic hole system with �=2 has
been experimentally realized in microwave frequencies,25

suggesting a possibility that the photonic hole-type metama-
terials can indeed be realized.

FIG. 5. �Color online� Magnetic field intensity patterns when a
line source is placed 400� away from the PH system with rs=60�
and �a� �=0, �b� 1.0, �c� 1.5, �d� 1.9, �e� 2.0, and �f� 2.5. The white
circles outline the boundaries of the PH systems with ��1. The
field intensity is considerably enhanced near the PH center, suggest-
ing the signal detection may be facilitated by putting a sensor near
the PH center.

FIG. 6. �Color online� �a� P versus time and �b� U versus time
when a pulse of Gaussian temporal profile is excited by a line
source 400� away from the PH of rs=60�. The data shown are for
rc=6�, see, Eq. �B1�. The signal is significantly enhanced due to the
light concentrating characteristics of the PH system, leading to a
sensor with enhanced sensitivity. �c� P1 / �2P�+s� versus normal-
ized time tn, showing that due to the feature of omnidirectionality,
P1 / P determines the direction from which the signal comes. Here
s�=0, 0.1, 0.2, 0.3, 0.4, and 0.5 for �=0.0, 1.0, 1.5, 1.9, 2.0, and
2.5, respectively. It is introduced for a clear demonstration showing
that the signal originated from direction �=180°. The normalized
time tn=1 corresponds to the time at which P reaches its positive
peak. �d� Schematic plot showing how two sensors enclosed by the
PH systems can be used to locate the position of the source.
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The basic physics discussed in the text applies to other
waves, some analogs of the PH system may be implemented
in the acoustic waves and/or linear liquid surface waves. For
instance, it has long been known that for �z-invariant� 2D
case, wave equations for acoustics and electromagnetics are
equivalent. When 2D EM wave of transverse magnetic
modes �with the electric field E along z direction� maps to
acoustic wave, the permittivity � corresponds to �−1, the re-
ciprocal of fluid bulk modulus.26 Fabrication of acoustic
metamaterials with a small bulk modulus may be experimen-
tally less challenging, which is expected to enable an acous-
tic analog of the PH system. In addition, by comparing the
shallow-water wave equation27

� · �h � �� +
�2

g
� = 0 �C1�

with the 2D EM wave equation for the transverse electric
modes �with the magnetic field H parallel to z direction�

� · ��−1 � Hz� + ��2Hz = 0, �C2�

we can map an EM system to a linear liquid surface wave
system, provided that � is replaced by h−1, � by g−1, and Hz
by �. Here � is the vertical displacement of the liquid sur-
face, g is the gravitational acceleration, h is the depth of the
water, and � is the angular frequency. The depth h of the
liquid can be tuned by modulating the bottom with relative

ease. As a result, the mapping between � and h−1 offers a
great possibility to realize a liquid surface wave analog of the
PH system, which may be expected to find applications in
controlling the flow of ocean wave energy. We are working
along this line.

APPENDIX D: GENERALIZED MIE THEORY FOR
CYLINDRICAL OPTICAL ATTRACTOR

In this appendix, we present mathematical formulations of
the generalized Mie theory for the cylindrical optical attrac-
tor �OA� system,11 characterized by the refractive index

n�r� = ���a

r
�2

+
b

r
+ c�1/2

, r � rs,

1, r � rs.
� �D1�

The radially graded refractive index profile �D1� also allows
an analytical solution to the wave equation for the electric
field of TM modes, suggesting, for r�rs,

Eint =�
�

m=−�

+�

bme−i
cr�M�q�,q,2i
c�eim�, c � 0,

�
m=−�

+�

bmr�J2��
b�eim�, c = 0 and b � 0,

�
m=−�

+�

bmr�eim�, b = c = 0,
�

�D2�

where M�q� ,q ,z�� 1F1�q� ,q ,z� denotes the Kummer conflu-
ent hypergeometric function28 �also known as the confluent
hypergeometric function of the first kind�, and

� = ��m2 − xa
2, �m� � xa,

− i�xa
2 − m2, �m� � xa,

�

c = �ck0r, 
b = 2�b/rk0r ,

q = 2� + 1, q� =
1

2
�q + ik0b/�c� �D3�

with xa=k0a. The coefficients cm for another set of math-
ematical solutions involving the confluent hypergeometric
function of the second kind U�q� ,q ,z� �Ref. 28� or the Han-
kel function have been set to zero based on the same argu-
ments as given in the text. Note that Bessel functions are
actually special cases of the confluent hypergeometric
functions28 with the relation given by

M��,2�,2ix� = eix� x

2
�1/2−�

��� +
1

2
�J�−1/2�x� . �D4�

Matching the boundary conditions at r=rs yields the Mie
scattering coefficients. The magnetic field H is again deter-
mined by H=��E / �i��0�. In numerical simulation, the
confluent hypergeometric functions are evaluated by direct

FIG. 7. �Color online� Magnetic field intensity pattern when
Gaussian beams are incident on the OA systems of rs=60 �m. The
refractive index is given by Eq. �D1� with �a ,b ,c�= ��325,
−20,1� �m for �a� and �c� and �a ,b ,c�= ��125,−20,1� �m for �b�
and �d�. The white circles outline the boundaries of the OA systems
and the black squares in �a� and �b� denote the regions showing in
�c� and �d�, respectively. The beam has a waist radius w0=4� and is
focused at �a� �0,15 �m� and �b� �0,5 �m�. The incident wave-
length is �=0.5 �m in the outer medium. Note that the field pat-
terns are actually not physical integrable steady-state solutions �un-
less a tiny absorption is introduced�, it is a demonstration of the OA
effect.
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summation of Kummer’s series using extended precision
subroutines.29 Figure 7 displays, as examples, the magnetic
field intensity pattern when Gaussian beams are incident on
the OA systems with �a ,b ,c�= ��325,−20,1� and �a ,b ,c�

= ��125,−20,1�, corresponding, respectively, to Figs. 1�d�
and 1�e� in Ref. 11. The light is seen to be torn apart, with
part of the beams spiralling toward the OA center, while the
rest scattered into infinity, in agreement with Ref. 11.
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